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In their Comment, Petrovic et al. claim that some of the results previously published by us on
the use of the “accessible soliton” model of Snyder et al. are incorrect, whereas the correct ones
were previously published by them. In order to restore a proper perspective of the problem, we
discuss and clarify some of the existing literature and our own work on the subject, underlining the
importance of the accessible soliton approximation and its recent improvements towards enabling
a general understanding of light self-conﬁnement in highly nonlocal media, both quantitatively and
qualitatively.
Petrovic et al. raise two main points about our pa-
per [1] (and related papers) in their Comment: on the
origin and credits of our results in [1, 2] and on in-
congruities about the application of the Snyder-Mitchell
model (SMM) [3]. They also raise technical questions
about Ref. [1], stating that our model accounting for the
longitudinal nonlocality is inconsistent. We first respond
to the main points. In the second part of this Reply we
provide detailed technical answers to Petrovic et al..
I. OVERALL REPLY
The claim on paternity by Petrovic et al. on discov-
ering the quantitative inaccuracy of the SMM is simply
in disagreement with the pertinent literature. In fact,
this result was first published (to the best of our knowl-
edge, but certainly before Petrovic et al.) in [4, 5] by
Guo’s group in China. Both these papers were cited in
[2] (in [1] we cited Ref. [5] only) to clearly establish the
credit for pinpointing the inaccuracy of the SMM when
dealing with diffusive nonlinear media. In Ref. [6] Petro-
vic et al. write explicitly for the first time that a fac-
tor 2 accounts for the discrepancy between solutions of
the Schro¨dinger-Poisson equation and the SMM, but this
is a secondary detail, which can be easily derived using
Guo’s approach. Despite the statements by Petrovic et
al., we never claimed this result as ours. With respect
to the paper under Comment, Ref. [1] deals with a dis-
tinct topic, that is, the effect of longitudinal nonlocal-
ity on the propagation of spatial solitons governed by a
Schro¨dinger-Poisson equation. Our paper [2] deals with
the SMM. We wrote: “We explained on physical grounds
why the SMM fails for any given amount of nonlocality”
∗
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and “Finally, we derived an effective parabolic shaped
photonic potential leading to an accurate description of
solitons by means of simple analytical formulae”.
The SMM is a fundamental tool for the investigation of
spatial solitons in highly nonlocal media. It permits the
addressing of all the main features of solitons in such me-
dia (stability, interaction, breathing). While these prop-
erties are now widely established, a couple of decades ago
they were quite novel and surprising as most of the litera-
ture on spatial solitons (both theoretical and experimen-
tal) was dealing with Kerr local media, for which there
is catastrophic collapse [(2+1)D case], inverse scatter-
ing [(1+1)D case] and so on [7]. As expected in science,
since then, models and experiments have been greatly im-
proved, including, e.g., the inclusion of nonlocal effects.
In this course, Guo’s group discovered the quantitative
discrepancy between solitary wave propagation in real
diffusive media and results provided by the SMM [4, 5],
as stated above.
In this context, Conti et al. in Ref. [8] interpolated the
breathing behaviour of experimentally observed nemati-
cons (solitons in nematic liquid crystals, NLC) with the
sinusoidal behaviour predicted by the SMM. A fitting
procedure was necessary for two main reasons: i) some
experimental parameters were not known (including the
role of the NLC/air interface and the effective elastic con-
stant) and ii) the SMM is approximate, with accuracy be-
ing worse in voltage-biased than in bias-free cells [2]. In
the past several years, relevant improvements have been
made in both technology (better control of the input in-
terface, see [9]) and modeling (accounting, e.g., for walk-
off [10–12]). Our results establish a good quantitative
agreement between experimental data and the modified
SMM [2], as recently shown in [13]. Finally, the results
from our group have been experimentally validated by
several groups [14–23].
2II. POINT BY POINT RESPONSE
After these premises, let us now address the Comment
by Petrovic et al. in order of appearance of their main
points.
• Application of the VA to the investigation of the
role of boundary conditions for highly nonlocal re-
sponses.
Petrovic et al. claim the original introduction of a
variational approximation (VA) to investigate the role of
boundary conditions on the propagation of spatial soli-
tons. In the literature, interaction with boundaries was
studied earlier than in [24], e.g., in lead glasses [25–29]
and in NLC [30, 31]. The VA itself was applied to ne-
maticons in a biased cell well before Petrovic et al., see
[32, 33]. It was even applied to the specific problem of
the interaction of nematicons with boundaries in 2009
[34, 35].
The role of noise on (the existence of) shape-preserving
nematicons is the major issue in Ref. [24]. In [24] noise
was inserted as a perturbation of the pre-tilt angle. This
is quite a questionable assumption and affects the results,
as the proper way to introduce molecular noise in NLC
is to consider noise both in time and in the transverse
direction. When longitudinal random changes are ap-
plied exclusively to the pre-tilt angle, the consequence is
a stochastic modulation of the nonlinearity in the system
[12, 36].
Nematicons tend to be robust and resilient to noise
due to their high nonlocality (see Supplemental Materi-
als in [37] and Fig. 6 in Ref. [2]). In actual experiments,
noise is not the reason why shape-preserving solitons are
not observed. Rather, the losses associated with strong
scattering in NLC [38] are the main cause of longitudi-
nal changes in nematicons. Even with the assumption
of negligible losses (only applicable over very short dis-
tances), launching shape-preserving nematicons is hin-
dered by the presence of an input interface which breaks
the symmetry along z, as also discussed in the paper un-
der comment [1].
• Discovery of the quantitative inaccuracy for the ac-
cessible soliton model in diffusive media.
To the best of our knowledge, the first quantitative and
qualitative demonstration of the inaccuracy of the SSM
was provided in [4]. Its abstract reads: “We show that for
the nonlocal case of an exponential-decay type nonlocal
response the Gaussian-function-like soliton solutions can-
not describe the nonlocal soliton states exactly even in
the strongly nonlocal case.” In the body of [4], Figs. 6–9
show the quantitative results. Additionally, it is clearly
explained that the problem stems from the fact that a
harmonic potential does not provide an accurate approx-
imation of the actual nonlinear index well. Petrovic et
al. in their Comment state that “The first published ac-
curate quantitative correction to AS” was presented in
Ref. [24]. In that paper [24], however, the only reference
to SMM appears to be a sentence qualitatively stating
that the shape-preserving soliton is almost Gaussian, ex-
cept in the tails. The latter trivial result was reported,
for example, much earlier in Ref. [39], section 2.5.
• Complaint on lack of credit.
Throughout the Comment Petrovic et al. complain
about the lack of citations to their own work. As stated
above, the inaccuracy of the SMM was first empha-
sized by Guo’s group [4, 5, 40]. In the introduction
of [4] Ouyang et al. state: “On the other hand, even
though a convenient method has been introduced in Refs.
[3,5,13,14] to study the propagation of light beams in
the strongly nonlocal case or even in the sub-strongly
nonlocal case, to employ this method efficiently the non-
local response function must be twice differentiable at
its center. As will be shown this method cannot deal
with the nonlocal case of an exponential-decay type non-
local response function that is not differentiable at its
center”. In the conclusions of [4] they write: “For the
nonlocal case of the exponential-decay type nonlocal re-
sponse, the Gaussian-function-like soliton solution can-
not describe the fundamental soliton state of the NNLSE
exactly even in the strongly nonlocal case, that greatly
differs from the nonlocal case of the Gaussian function
type nonlocal response.”
The goal of [2]— as clearly stated throughout the
Letter— was to explain on physical grounds why this dis-
crepancy exists, why it takes a certain numerical value,
why do solitons not exist below a power threshold. Con-
versely, Petrovic and coworkers in their papers retrieve
this discrepancy as a mere result of computations.
Petrovic et al. state that the findings of Ref. [4] are not
relevant as they provide an approximate solution stem-
ming from a perturbative correction to the SMM and
that they do not mention a factor 2 or
√
2. Firstly, the
VA used by Petrovic et al. is an approximate method,
as well. Noteworthy, for a Gaussian input the director
distribution can be computed exactly [30]. Secondly, the
analytical expression of Ouyang et al. is much closer to
the exact one than the solution from the VA (see Fig.
6 in [4]). Thirdly, the scaling factor connecting exact
and approximate solutions can even be computed from
the closed form solutions presented in [4] (for instance,
the existence curve power vs soliton width is expressed
by Eq. (42) and plotted in Fig. 9 of [4]). The state-
ment that the numerical correction cannot be found in
the framework of perturbation theory is simply mathe-
matically unsubstantiated.
• Physical reason behind the inaccuracy of the acces-
sible soliton model in diffusive media.
Petrovic et al. wonder what is the reason behind the
SMM inaccuracy, hinting to an “inconsistency” in our sci-
entific approach. The singularity in the response function
3is the mathematical reason for the quantitative inaccu-
racy in the SMM. When the response function is differ-
entiable, the SMM is valid for large powers [3, 4]. From a
physical point of view, the quantitative inaccuracy stems
from the fact that the nonlinear perturbation is governed
by a Poisson equation, leading to an infinitely extended
range of nonlocality, as phrased in [25]. In other words,
the pointwise solution of an elliptic equation depends on
the solution in the whole domain [41]. Thus, the width
of the nonlinear response is inherently related to the size
of the integration domain, and the spatial overlap be-
tween the input beam and the anharmonic components
of the self-induced index well does not vanish as power
is increased [30]. This is due to the boundary condi-
tions and is the physical reason for the quantitative (not
qualitative) inaccuracy of the original SMM when deal-
ing with diffusive media [2]. Summarizing, the two ex-
planations are equivalent, describing the same effect on
different grounds.
• Factor 2 missing in the paper under Comment.
In [1] we mistakenly defined the soliton width accord-
ing to the modified SMM, previously found in [2] (see the
Erratum to [1]). As for the correction factor, it comes
from [2], in which the background physics is discussed
in detail. Our results are also in agreement with those
presented by Petrovic et al. and based on the VA [6].
• On the proper application of the paraxial approxi-
mation when dealing with nonlocal spatial solitons.
Petrovic et al. doubt the self-consistency of the ap-
proximations in [1], with particular reference to the
paraxial approximation. For electromagnetic waves,
the paraxial approximation breaks down when the
wavepacket size is comparable with, or smaller than, the
wavelength. A first order correction then requires a non-
negligible longitudinal field [42]. The corrections due to
the second derivative of the field along the propagation
direction are second order [42] (the application of these
results to nematicons can be found, e.g., in [43]). The lon-
gitudinal second derivative of the field must be accounted
for when dealing with solitons propagating at large angles
(≈ 30◦ with respect to z) [44]. Fast variations along z
imply a change in the refractive index of the carrier. On
the one hand, this effect does not affect transverse con-
finement. On the other hand, the change is adiabatic on
the wavelength scale, both in typical experiments [12, 45]
and in numerical simulations [1, 46]. Importantly, this
needs to be accounted for even when the second deriva-
tive of the nonlinear index well along the propagation
direction is not considered. Analogously, back reflections
are neglected whenever light propagation is described by
a unidirectional paraxial Helmholtz equation (that is, an
NLSE in the nonlinear case), corresponding numerically
to the use of a unidirectional Beam Propagation Method.
After these considerations of well-known results, let us
discuss in detail the model we employed in Ref. [1]. For
light propagation in the presence of a highly nonlocal
response, the latter smooths out the longitudinal vari-
ations in the light-induced index well, thus minimizing
back reflections. The inclusion of longitudinal nonlocal-
ity improves the agreement between the mathematical
model and the physical system [47, 48]. In essence, our
overall model (i.e., including light evolution and light-
matter interaction) satisfies the paraxial approximation
better than standard ones (i.e., when longitudinal non-
locality is neglected). Our group members (and other
experimentalists in the field, as far as we are aware of)
have never observed any back-reflection when light is self-
trapped in experiments with undoped NLC. Finally, in
the framework of classical optics, a back-scattered wave
cannot be generated without an input wave.
• Alleged inconsistency of experimental results pub-
lished by our group.
Petrovic et al. claim an inconsistency in the experi-
mental data reported in [8]. Let us first— and foremost—
stress that the SMM is approximate. Thus, it cannot
(and it is not meant to) match perfectly with real exper-
iments. Incidentally, even in the first (theoretical) paper
about accessible solitons in NLC [49], corrections to the
SMM were discussed (see Eq. (16) in [49]). Secondly, the
observations in [8] were performed in a biased cell, for
which the nonlinear index well is governed by a screened
Poisson equation. As we showed in Ref. [2], the SMM
is thus even more inaccurate than in bias-free cells (in
unbiased cells the nonlinear index well obeys a Poisson
equation in the perturbative regime [12]). In fact, in Ref.
[8] Conti et al. wrote that Eqs. (6) in Ref. [8] are derived
from Eq. (4) in Ref. [8] using an approximation. Thirdly,
in biased cells nematicons propagate in a wide linear in-
dex well and possess walk-off in the vertical plane (x, z):
the model used in [8] does not account for this dynam-
ics, which was addressed later in [11, 15]. Reality is far
more complex than a single Schro¨dinger-Poisson equa-
tion: (i) in real samples there are interfaces at finite dis-
tances, as we discussed in [1]; ii) several nonlinear effects
act together, thus models considering only the reorien-
tational response are approximations [50, 51]; iii) actual
reorientation is driven by a more complicated equation
than a single Poisson equation, even in the perturbative
regime [38, 52]; iv) NLC described by a molecular direc-
tor field are a simplification of an underlying many body
system which is subject to continuous temporal fluctu-
ations [38, 53]. The elegant SMM, despite its mathe-
matical simplicity, explains qualitatively nonlinear light
propagation, predicting an oscillatory (breathing) behav-
ior qualitatively different from the breather dynamics in
a standard NLSE [54–56], stability in (2 + 1)D [57] and
interaction between solitons [17, 58, 59]. In short, all the
main features of nematicons are well described by the ac-
cessible soliton model. With respect to the results in [8],
just before the statement Petrovic et al. cited, we read:
“The best fit is obtained from Eq. (7) by introducing as
a parameter the coupling efficiency α of the laser power
4Pin into the soliton-trapped power P (i.e., αP = Pin).”
This is the best fit coefficient α accounting for all factors
discussed above (in [8] α ≈ 7%, meaning that all these
factors were simultaneously in action). Thus, the scaling
constant stemming from the SMM (which is not 2, as in
Ref. [8] the cell was biased, see [2]) was simply included
in the coefficient α.
III. CONCLUSIONS
In conclusion, we have explained, substantiated and
proven that no systematic errors were made by us or
members of our group with reference to the results dis-
cussed in the Comment by Petrovic et al.. The correction
to the SMM was neither discovered nor published for the
first time by Petrovic et al.. We have clarified that there
are no conceptual deficiencies in the paper under Com-
ment [1]. With respect to Petrovic’s et al. final sentence
“This model is just a linear over simplication of a highly
nonlocal nonlinear problem”, we like to stress that, as
physicists, our primary goal is understanding the main
physical mechanisms and describing them in the simplest
way, including the use of approximate methods. Better
models and approximations can be implemented later.
Along this path, we recently elaborated a corrected SMM
able to model quantitatively light propagation [13, 60].
In doing so, we also tried to understand the limits of this
approximation by direct comparison with experiments.
Eventually, we thank Petrovic et al. for spotting a wrong
factor in [1], which we have amended in [61].
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